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FUNCTORIAL RESOLUTION OF TAME QUOTIENT SINGULARITIES
IN POSITIVE CHARACTERISTIC
FEDERICO BUONERBA
Abstract. The object of the present is a proof of the existence of functorial resolution
of tame quotient singularities for quasi-projective varieties over algebraically closed fields.
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The role of quotient singularities, in the general problem of the resolution of singularities
in positive characteristic, has been highlighted in the fundamental work of de Jong [dJ96],
where the general problem has been reduced to the more specific one of understanding
singularities created by inseparable morphisms and group actions.
Theorem ([dJ96], 7.4). Let X be a projective variety over an algebraically closed field.
There exists a radicial morphism Y → X and a modification Z → Y such that Z has at
worst quotient singularities.
A huge class of group actions enjoy the property of being linearizable, i.e. the action
is formally equivalent to that of a group of linear endomorphisms of vector space. In this
situation the singularities created by the action are easier to handle, since the existence of
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formal coordinates along which the action is linear provides a rich amount of information.
By way of examples, all tame, I.I, abelian group actions create singularities that live, e´tale-
locally, in the world of toric varieties, see I.IV.1, and their resolution is in fact a key step for
those positive characteristic oriented constructions that lead to a resolution of singularities
in characteristic zero, such as those appearing in [BP96],[dJ96]. As well known, e´tale-locally
the resolution problem for tame abelian quotient singularities is completely understood,
i.e. there are explicit algorithms, such as [KKMS73], theorems 11 and 11*, and [MP13],
III.iii.4.bis, that provide us with a resolution. The issue is therefore the local-to-global step
(and this is by no means a new story, [Kol07] 3.14.9.), where the toric machinery is not
sufficiently strong without additional global assumptions, for example the existence of a
toroidal embedding. Consequently it seems convenient to look for a resolution procedure
that is functorial under e´tale localization, following the philosophy of [Kol07], [MP13].
Our main result is:
Main Theorem (II.1). Let k be an algebraically closed field, and X/k a quasi-projective va-
riety with tame quotient singularities, with an e´tale cover
⊔
j Xj → X such that maxx∈Xj |Gx|
is finite for every j. Then there exists a resolution functor X → (M(X), rX ) where M(X)
is a smooth, quasi projective variety, and rX : M(X) → X is a proper, birational, rel-
atively projective morphism, which is an isomorphism over the smooth locus of X. The
resolution functor commutes with e´tale base change, that is to say for every e´tale morphism
f : Y → X there is a unique isomorphism φf : f
∗M(X)→M(Y ).
Now we can discuss the ideas employed. Following the general pattern, [Kol07], that the
construction of a resolution functor is algorithmic in its own nature, we define an invariant
X → i(X) ∈ N, such that i(X) = 0 if and only if X is smooth. Then we proceed by
induction on i, by performing birational operations - smooth and weighted blow-ups along
smooth centers - that eventually decrease i. The proof consists of two steps: the first step
II.I constructs a birational modification whose resulting space has only tame cyclic quotient
singularities, and the invariant does not increase. Here the full power of the philosophy
“functoriality in the e´tale topology” appears, and most of the logical difficulties, apart
from some routine technical issues, are hidden in the inductive step of the process. This
inductive step resolves the singularities of a Deligne-Mumford stack with smaller invariant,
and the variety we are looking for is its GC quotient, whose existence as an algebraic space
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is granted by [KM97]. At this point the inductive hypotheses show up again and force the
GC quotient to be a quasi-projective variety, if we started with such.
The second step II.II is an algorithm that reduces the invariant if we start with tame
cyclic quotient singularities and an extra structure of “global character for the local geo-
metric stabilizers”, more precisely an equivariant divisor, on the Vistoli covering stack,
along which the stabilizers act with a faithful character.
The logic how the two steps fit together and provide a resolution is as follows: starting
with a variety with tame quotient singularities, the first step produces a variety with tame
cyclic quotient singularities and a marked irreducible divisor, II.I.4. Properties of this pair
are such that we can employ it as input for our second step, whose output is a variety with
tame cyclic quotient singularities whose invariant is strictly smaller than the one we started
with. Functoriality in the e´tale topology implies, as explained for example in [Kol07], that
the resolution procedure applies to algebraic spaces, Deligne Mumford-stacks and analytic
spaces without any compactness assumption, II.2, II.3, II.4. It is worth remarking that, in
the course of the proof, we will encounter singularities created by diagonal actions of group
schemes of roots of unity, which are not necessarily tame. This must happen if one wants to
tackle the problem using weighted modifications/toric geometry in positive characteristic.
It turns out that, in this specific circumstance, Mumford’s resolution process for toroidal
singularities can be carried over by weakening a bit the assumption on the existence of a
toroidal embedding, requiring instead the existence of a divisor along which diagonal cyclic
stabilizers act with faithful character, see II.II.1 for the precise condition.
Unfortunately, the methods developed here seem to completely lose their efficiency if
one drops the tameness assumption, in fact the crucial fact we use profusely is that there
exist regular parameters along which tame abelian actions are diagonalized, while of course
this never happens with non-trivial p-group actions in characteristic p. We suspect that
a resolution functor that deals with all possible quotient singularities simultaneously must
proceed via a completely different strategy.
Acknowledgments: This problem has been suggested by Fedor Bogomolov. His encour-
agement, and the enlightening conversations we had, have been of great help. This work
could never be completed without the support of Michael McQuillan, whose restless and
careful explanations permeate and shape the core ideas building our proof. Grateful thanks
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that drastically improved our presentation.
I. Generalities
I.I. Tame group actions. Let k be an algebraically closed field and G be a finite group
acting by k-automorphism on a noetherian, regular, local k-algebra O. The action is said
tame if (|G|, char(k)) = 1. If G acts on a smooth algebraic variety by k-automorphisms,
we say that the action is tame if it is generically free, and the stabilizer at any geometric
point acts tamely on the corresponding Zariski local ring. From the point of view of
singularities we could request more, i.e. the action to be free in codimension one, by way
of the celebrated Chevalley-Shephard-Todd theorem:
Fact I.I.1. If G is a finite group acting tamely on a smooth algebraic variety, then for any
geometric point x with stabilizer Gx, the ring of invariants O
Gx
x ⊂ Ox is a regular local ring
if and only if Gx is generated by pseudoreflections, i.e every element g ∈ Gx fixes pointwise
a smooth divisor depending on g.
Tame actions enjoy some remarkable properties, with respect to the local algebra they
are the simplest possible. We can recollect those properties that we need in the following
simple propositions:
Proposition I.I.2. Let G be a cyclic group, generated by g ∈ G, acting tamely on the
regular local k-algebra O with maximal ideal m. Then there are elements ζ1, ..., ζn ∈ k
∗ and
a regular system of parameters x1, ..., xn generating m such that x
g
i = ζixi.
Proof. As g acts on the k-vector space m/m2, by assumption we can certainly find pa-
rameters and eigenvalues satisfying the identities xgi = ζixi mod m
2. We can replace each
xi by yi = |G|
−1
∑k=|G|−1
k=0 x
gk
i ζ
−k
i , and observe that yi = xi mod m
2, and yi satisfies the
required relation. 
Corollary I.I.3. If G acts tamely on the smooth algebraic variety X then the subvariety
XG of points fixed by G is smooth.
Proof. Let O be the local ring at a geometric point x fixed by G, then (essentially) as in
the previous proof we can average any isomorphism Oˆ → k[[x1, ..., xn]] in order to make
it equivariant with respect to the induced action of G on the power series ring. Here
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the action is by linear automorphism, whence the ideal defining XG is easily seen to be
generated by the linear forms (xgi − xi)g∈G, and consequently the subvariety XG is smooth
at x. 
Proposition I.I.4. Let O be a regular local strictly henselian k-algebra with maximal ideal
m, G a finite group acting tamely on it. If I is a principal ideal which is fixed by G then
there exists a character χ : G → k∗ and a generator f of I, such that f g = χ(g)f for any
g ∈ G.
Proof. Let f be a generator of I. By assumption, for every g there is ug ∈ O
∗ such that
f g = ugf . It follows that f
gh = uhguhf , whence the set map G→ O
∗ given by g → ug is a
1-cocycle representing a class in H1(G,O∗). Consider the exact sequence 0 → (1 +m) →
O∗ → k∗ → 0 of multiplicative groups. By assumption on O being strictly henselian,
since |G| is coprime to char(k) we see that 1 +m is |G|-divisible, whence H1(G, 1 +m) =
H2(G, 1 +m) = 0. Consequently we have a natural isomorphism H1(G,O∗)→ H1(G, k∗).
Moreover since theG-action on the residue field k is trivial, we getH1(G, k∗) = Hom(G, k∗),
whence, upon replacing f by uf , for some invertible u, the map g → ug is a character of
the group G, and of course uf is the required generator. 
Proposition I.I.5. Let q : O → O′ be an injective morphism of rings, equivariant by the
action of a cyclic group C. Assume C acts with faithful character on f ∈ O, then C acts
with faithful character on q(f).
Proof. Let s be the minimal integer such that χsq(f) = q(f), then q(χsf − f) = 0, and
since q is injective we deduce s = |C|, that is the action is faithful. 
I.II. Stacks with quotient singularities. Let k be an algebraically closed field. An
algebraic variety X/k has analytic quotient singularities if it is normal and for any geo-
metric point x, there exist a finite group Gx acting on a smooth complete local k-algebra
k[[x1, ..., xn]], an inclusion ix : Oˆx →֒ k[[x1, ..., xn]] such that ix(Oˆx) = k[[x1, ..., xn]]
Gx . By
Artin approximation this is equivalent to the fact that X admits an e´tale cover
⊔
Vi → X,
where Vi = Ui/Gi for smooth varieties Ui and finite groups Gi, whose action on Ui is gener-
ically free. X has tame quotient singularities if each Gi acts on Ui tamely. Similarly X
has algebraic quotient singularities if it admits such an open cover in the Zariski topology.
Definition I.II.1. For a closed point x ∈ X, the group Gx is called the geometric stabilizer
at x.
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A Deligne-Mumford stack X has tame quotient singularities if for some e´tale atlas
(whence for all) U → X the algebraic variety U has tame quotient singularities.
Before getting into the properties of DM stack with tame quotient singularities, we recall
an extremely useful local description of DM stacks:
Fact I.II.2 ([Vis89] 2.8). Let X be a DM stack over any field, then it admits an e´tale cover
by classifying stacks, i.e. stacks of the form [Y/G] with G a finite group.
Proof. By [KM97] 1.1, X admits a GC quotient X → X. Let x be a geometric point in X,
with e´tale local ring Ox, and U → X an e´tale atlas. Consider the following diagram with
fibered squares:
U ←−−−− Spec(S) = Y
y
y
X ←−−−− Xxy
y
X ←−−−− Spec(Ox)
where of course S is a strictly henselian local ring and Y = Spec(S)→ Xx is an e´tale atlas.
As the residue field of S is separably closed, R = Y ×Xx Y must be a finite disjoint union of
copies of Y , whence the set G of connected components of R inherits canonically a group
structure if we declare that s is the natural projection. Thus (s, t) : R = Y × G ⇒ Y is a
groupoid with an e´tale morphism [Y/G]→ X . 
In the situation where X is a DM stack with tame quotient singularities there exists a
canonical, smooth cover of X , which we will refer to as Vistoli covering stack, constructed
as follows:
Fact I.II.3 ([Vis89] 2.8). Let X be a DM stack with tame quotient singularities. There
exists a smooth DM stack X V with a morphism X V → X which is e´tale in codimension
one, satisfying the following universal property: if Y is a smooth DM stack and Y → X is
e´tale in codimension one, then there exists a unique factorization Y → X V → X .
Proof. Let W → X be an e´tale atlas with tame quotient singularities, say W =
⊔
Ui/Gi
and let (s, t) : RX = W ×X W ⇒ W . Denote by Hi the normal subgroup of Gi gener-
ated by pseudo-reflections, letW V =
⊔
Ui/Hi and R
V be the normalization ofW V ×XW
V
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Ui/Hi ←−−−− s
∗(Ui/Hi) ←−−−− Ui/Hi ×X Uj/Hj
normalization
←−−−−−−−− RV
y
y
y
Ui/Gi
s
←−−−− RX ←−−−− t
∗(Uj/Hj)y t
y
y
X ←−−−− Uj/Gj ←−−−− Uj/Hj
RV is a normal algebraic variety since the diagonal of X is representable. The two pro-
jections (sV , tV ) : RV ⇒ W V are finite and e´tale in codimension one, since the action of
Gi/Hi on Ui/Hi is free in codimension one for every i. W
V is smooth by I.I.1, whence
the Zariski-Nagata purity theorem ([Gro68], X.3.4) implies that the projections sV , tV are
everywhere e´tale and the groupoid X V = [W V /RV ] is a smooth DM stack satisfying the
required properties. 
Similarly in the situation where X is a normal DM stack and D is a Q-Cartier divisor,
such that for any geometric point x ∈ X , the minimal integer number n(x) such that
n(x)D|x is Cartier satisfies (n(x), char(k)) = 1, there is a canonical cyclic cover of X in
which D becomes everywhere Cartier. We will denote this stack by X (D), the Cartification
of D. The construction is a copy-and-paste extension of that of Gorenstein covering stack:
Proposition I.II.4 ([McQ05] I.5.3). There exists a cyclic cover pD : X (D)→ X such that
p∗D is Cartier, satisfying the following universal property: if Y is a DM stack and q : Y →
X is such that q∗D is Cartier, then there exists a unique factorization Y → X (D)→ X .
Proof. Let x be a geometric point in X , V an e´tale neighborhood and V o its smooth
locus. Up to shrinking, we can assume that nD is generated, over V , by a local section f
and that D is generated, over V o, by a local section t. Inside the geometric line bundle
Spec (Sym OV o(D)
∨) → V o consider the subvariety W o defined by the ideal T n − f =
0, where T is a generator of Sym OV o(D)
∨ as an OV o-algebra. This is a cover of V
o
corresponding to the extraction of an n-th root of the unity u ∈ O∗V o satisfying t
n−uf = 0,
which is e´tale since (n, char(k)) = 1. This cover extends canonically to a ramified cover
V (D) → V by taking the integral closure of OV in the function field of W
o. This gives
a local description, with respect to an atlas of X , of an atlas for X (D), in particular
the e´tale local ring of X (D) at a geometric point x is Ox[T ]/(T
n(x) − f). To deduce the
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groupoid relation, we proceed as in the Vistoli situation, thus we need to check that the
natural morphism (Vi(D)×X Vj(D))
norm → Vi(D) is e´tale. After e´tale localization around
a geometric point, this amounts to proving that the natural morphisms
O[T ]/(T n − f)→ O[T, S]/(T n − f, Sm − g)norm
O[T ]/(Sm − g)→ O[T, S]/(T n − f, Sm − g)norm
are e´tale, where O is a strictly henselian local ring with a height one prime ideal I such
that (f) = In and (g) = Im. Let d = gcd(n,m), n = n′d, m = m′d and w = nm/d. There
is a unit u ∈ O∗ such that fm
′
= ugn
′
, thus we have a relation Tw = uSw, and since O is
strictly henselian and (w, char(k)) = 1 we see that u1/w ∈ O. Consequently we deduce a
relation
∏
ζw=1 T − ζu
1/wS = 0 in O[T, S]/(T n − f, Sm − g). Taking its normalization we
get a product of rings
∏
ζw=1
O[T, S]/(T n − f, Sm − g, T − ζu1/wS) ≃
∏
ζw=1
O[T ]/(T n − f)
which implies that the natural morphisms defining the Cartification groupoid
O[T ]/(T n − f)→
∏
ζw=1
O[T ]/(T n − f)
O[S]/(Sm − g)→
∏
ζw=1
O[T ]/(T n − f)
given respectively by T →
∏
ζw=1 T and S →
∏
ζw=1 ζu
1/wT are indeed e´tale, thus proving
the existence of X (D) as a DM stack. The universal property follows by the local nature
of the construction. 
Remark I.II.5. The construction of the Cartification morphism depends heavily on the
assumption that the Cartier index of the divisor is coprime to the characteristic of the
base field. Without this assumption the local Cartification factors through a non trivial
inseparable quotient, and there is no hope to create a DM stack out of it.
In the sequel we will need a reformulation of the universal property of the Cartification.
Lemma I.II.6. Cartification is stable under pullbacks, that is if f : Y → X is any mor-
phism and D is Q-Cartier on X then there exists a canonical isomorphism if : Y(f
∗D)→
f∗X (D).
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Proof. This is an easy application of the universal property: D becomes Cartier on Y(f∗D)
and this affords a morphism if : Y(f
∗D) → f∗X (D). Since D is Cartier on X (D), so it
is after pullback to f∗X (D), whence by the universal property we deduce an inverse to
if . 
I.III. Weighted blow-up and characters. Let X be a smooth DM stack, and (a1, ..., ar)
an r-tuple of natural numbers. A blow-up with weights (a1, ..., ar) is the projectivization
Proj(⊕k≥0Ik/Ik+1) X → X , where Ik is a sheaf of ideals such that, e´tale locally, there exist
functions x1, ..., xr forming part of a regular system of parameters and Ik is generated by
monomials xα11 ...x
αr
r with a1α1 + ... + arαr ≥ k. Then ⊕k≥0Ik/Ik+1 is a sheaf of finitely
generated graded algebras.
To give a local description let’s assume we are blowing up the origin in the affine space
over k with weights (a1, ..., an). It is covered by affine open sets Vi = Spec(Ri) where
Ri = k[x
α1
1 ...x
αn
n /x
ci
i s.t. aici = a1α1 + ... + anαn], and the morphism Ri → k[y1, ..., yn]
given by xi → y
ai
i , xj → yjy
aj
i induces an isomorphism Spec(k[y1, ..., yn]
µai ) = Ank/µai →
Spec(Ri) where the roots of unity act by way of a generator g ∈ µai as follows: y
g
i = ζyi,
ygj = ζ
−ajyj with ζ an actual root of unity in k
∗. Moreover the exceptional divisor has
equation yi = 0 in the i-th chart. Plainly this local description doesn’t make any sense
whenever char(k) = p > 0 since p might divide some ai, so we need more care in defining
cyclic group actions:
Definition I.III.1. Let O be a regular local k-algebra of dimension n, and l > 0 any
natural number. A diagonal action of the cyclic group Cl of order l on O with characters
(a1, ..., an) is a morphism O → O[T ]/(T
l − 1) such that there exists a regular system of
parameters x1, ..., xn with xi → T
aixi. The equalizer of this action will be denoted by O
C .
An action of the cyclic group of order l on the smooth DM stack X is an action of the
group scheme Spec(Z[T ]/(T l − 1)), i.e. a morphism X ×Z Spec(Z[T ]/(T
l − 1)) → X . It
is clear what is means for the action to be diagonal with characters (a1, ..., an) around a
fixed geometric point.
The definition gives a description of the affine cover of the weighted blow-up in full
generality, namely the open sets Vi will be Spec(Ri) where Ri is the algebra obtained as
equalizer of the µai-action on k[y1, ..., yn] with characters (−a1, ...,−ai−1, 1,−ai+1, ..., an).
Such equalizer is generated, as a k-algebra, by monomials, and indeed there is a clear
interpretation in terms of toric geometry, [KKMS73].
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We will be interested in weighted blow-ups induced by diagonal actions of cyclic groups.
Definition I.III.2. Notation as in I.III.1, the weighted algebra induced by the characters
(a1, ..., an) is the sheaf of algebras A(a1, ..., an) = ⊕k≥0Ik/Ik+1 on Spec(O), where Ik =
(xα11 ...x
αn
n |a1α1+ ...+anαn ≥ k). C acts naturally on A(a1, ..., an) and its fixed sub-algebra
B(a1, ..., an) = A(a1, ..., an)
C is canonically a sheaf of algebras on Spec(OC).
At which point one might question the dependence of such filtration by ideals Ik on the
choices made, which unfortunately turns out to be non-trivial:
Example I.III.3. Let C be a cyclic group of order l acting tamely on k[x, y] by way of
x → χx, y → χ−1y for some faithful character χ : C → k∗. The ring of invariants is
R = k[xl, yl, xy] whence the action of µ2 on the plane by way of x → y, y → x naturally
descends to an action on R. Observe however that if l 6= 2 the weighted algebra induced by
the characters (1,−1) of the C-action on the plane is not invariant under µ2, indeed the
weighted filtration by ideals is
Ik = (x
ayb | a+ (l − 1)b ≥ k) ⊂ k[x, y]
and this filtration is clearly not invariant under µ2.
From a global perspective, say on a smooth projective variety X endowed with a tame
action of C, the example is telling us that local choice of characters (around each fixed
component) is by no means sufficient to deduce that the corresponding weighted algebras
will patch as we travel around an open cover of X. However it turns out that a ”global”
choice of faithful character is enough to insist that local algebras glue, I.III.5.
Definition I.III.4. Let O be a regular strictly henselian local ring with a diagonal action
of a cyclic group C. Let f ∈ O be a non-unit, then we say that the action is faithful
across the divisor D(f) = (f = 0) if, following I.III.1, there exists a choice of characters
for the action of C, such that f → Tf . The weighted algebra corresponding to the choice
of characters making the action faithful across D(f) will be denoted by A(D(f)). The
sub-algebra of C-invariants will be denoted by B(D(f)).
The following proposition is, broadly speaking, the solution to all our problems, in that
it gives a sufficient condition for local weighted algebras to glue to a sheaf of algebras over
an algebraic variety:
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Proposition I.III.5. Let X be a variety with diagonal cyclic quotient singularities, D a
reduced, irreducible Q-Cartier divisor. Assume that for every x ∈ D, Cx is faithful across
D. Then the local weighted algebras B(Dx) glue to a sheaf of algebras B on X.
Proof. First some notation: fix x ∈ X lying on the support of D and denote by ID the
ideal defining D around x. Set l = |Cx|. Let O
V
x be a strictly henselian, regular local ring
such that Ox = (O
V
x )
Cx and x1, ..., xn a regular system of parameters in O
V
x such that
ID · O
V
x = (xn = 0), and Cx acts by characters xi → T
aixi with an = 1. Let φ be an
automorphism of Ox fixing the ideal ID. Observe that I
l
D = (x
l
n) whence φ(x
l
n) = ux
l
n for
some unit u. Consider the elements yi = x
l−ai
n xi ∈ ID. We have
φ(yli) = φ(x
l(l−ai)
n x
l
i) = φ(x
l(l−ai)
n )φ(x
l
i) = u
l−aixl(l−ai)n φ(x
l
i)
On the other hand φ(yi) ∈ ID whence φ(yi) = x
bi
n pi for some bi > 0 and pi ∈ O
V
x not a
zero divisor in OVx /(xn), so then lbi = l(l − ai), i.e. φ(x
l−ai
n xi) = x
l−ai
n pi. Thus x
l−ai
n pi is
fixed by Cx, and the action must be pi → T
aipi for every i. Moreover, the identity
xα11 ...x
αn
n = (x1x
l−a1
n )
α1 ...(x1x
l−an
n )
αnx
αn−
∑n−1
1
αi(l−ai)
n
inside the fraction field f.f.(OVx ) implies more generally that
φ(xα11 ...x
αn
n ) = u
l−1
∑n
i=1 aiαi−
∑n−1
i=1 αipα11 ...p
α1
n−1x
αn
n (l|
n∑
i=1
aiαi)
which clearly implies that φ preserves the weighted algebra induced by these characters.
Whence local weighted algebras B(Dx) patch to a sheaf of algebras on X. 
I.IV. Toric varieties. Here we recall basic notation of the theory of toric varieties, follow-
ing [KKMS73], Chap. 1. The scope of this section is to give a combinatorial interpretation
of diagonal cyclic quotient singularities, and re-interpret the observations in I.III from this
perspective.
Let V be an n-dimensional real vector space. The choice of a basis gives a lattice
Zn ⊂ Rn ≃ V . Let σ ⊂ V be a cone which is generated by finitely many elements in Zn.
The affine toric variety Xσ is defined as Spec(k[σ
∗ ∩ Zn]), where σ∗ is the dual cone to σ,
and k[σ∗ ∩Zn] is the algebra generated by monomials xa11 . . . x
an
n for (a1, ..., an) ∈ σ
∗ ∩Zn.
It is easy to see that toric open subsets of Xσ correspond similarly to the faces of σ,
whence whenever τ ⊂ Rn is a fan (i.e. a polyhedron which is obtained as union of finitely
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many, finitely generated cones intersecting along common faces) we have a toric variety Xτ
obtained by glueing the affine toric varieties corresponding to the cones defining τ .
A fundamental construction admitting an interpretation in terms of the toric cone is
that of blow-up: given a toric cone σ =< v1, ..., vm > and a vector v ∈ σ which is
not in
∑m
i=1Nvi, we can consider the fan σv obtained as the union of the cones σi =<
v1, ..., vi−1, v, vi+1, ..., vn >. Then there exists a sheaf of ideals Iv in Xσ such that the
normalization of BlIvXσ is isomorphic to Xσv , and the toric morphism induced by the
inclusion σv → σ corresponds to the natural projection (BlIvXσ)
norm → Xσ under this
isomorphism. Now we turn our attention to the class of cyclic quotient singularities by
observing that a formal germ of cyclic quotient singularity is always toric, by a trivial
extension of [KKMS73], pp. 16-18:
Proposition I.IV.1. Let e1, ..., en be a basis of a given real n-dimensional vector space V
and let a1, ..., an−1, l be natural numbers, l 6= 0. Then the cone σ generated by e1, ..., en−1, len−
(a1e1 + ...+ an−1en−1) corresponds to the quotient of A
n
k by the action of the cyclic group
of order l with characters a1, ..., an−1, 1.
Proof. The basis e1, ..., en determines a free group Z
n ⊂ V . Let N ⊂ Zn be the subgroup
of index l generated by e1, ..., en−1, len − (a1e1 + ... + an−1en−1), and let M be its dual
lattice in V ∗. Observe that σ∗ is generated by
e∗i + ail
−1e∗n (i ≤ n− 1), l
−1en
which is basis of M , whence Spec(k[σ∗ ∩M ]) = Ank with coordinates x1, ..., xn correspond-
ing to this choice of generators for σ∗. Also the choice of a generator ζ ∈ µl gives an
isomorphism Zn/N ≃ µl obtained by sending en → ζ. Consider now the µl action on
Spec(k[σ∗ ∩M ]) = Ank with characters (a1, .., an−1, 1). On monomials the action is given
by
xm → T lm(en)xm (m ∈ σ∗ ∩M)
whence the fixed subalgebra is generated by monomials xm such that m(en) ∈ Z, which is
evidently k[σ∗ ∩ Zn]. 
The next observation expands the toroidal view on diagonal cyclic quotient singularities
I.IV.1, by giving a toroidal interpretation of weighted blow-ups induced by characters of
diagonal cyclic actions:
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Proposition I.IV.2. Let C be a cyclic group of order l acting on Ank diagonally with
characters a1, ..., an−1, 1, and let Xσ be the quotient variety. Let A = A(a1, ..., an−1, 1)
and B = B(a1, ..., an−1, 1), cf I.III.2. Then ProjB(Xσ) has only diagonal cyclic quotient
singularities of orders a1, ..., an−1. Moreover such modification coincides with the toric
blow-up obtained by way of the decomposition of σ, as defined in I.IV.1, by adding the
vector en.
Proof. By the local description given at the beginning of I.III, ProjA(A
n
k) has diagonal
cyclic quotient singularities of orders a1, ..., an−1. The action of C lifts to ProjA(A
n
k),
and it acts by pseudoreflections across the exceptional divisor of ProjA(A
n
k) → A
n
k . It
follows that ProjA(A
n
k )/C = ProjB(Xσ) has diagonal cyclic quotient singularities of orders
a1, ..., an−1. Inspection of the local structure of ProjB(Xσ) around the exceptional divisors
reveals immediately that the said toric blow-up gives the same output. 
II. Resolution
The aim of this section is to prove the main theorem.
Main Theorem II.1. Let k be an algebraically closed field, and X/k a quasi-projective va-
riety with tame quotient singularities, with an e´tale cover
⊔
j Xj → X such that maxx∈Xj |Gx|
is finite for every j. Then there exists a resolution functor X → (M(X), rX ) where M(X)
is a smooth, quasi projective variety, and rX :M(X)→ X is a proper, birational, relatively
projective morphism which is an isomorphism over the smooth locus of X. The resolution
functor commutes with e´tale base change, that is to say for every e´tale morphism f : Y → X
there is a unique isomorphism φf : f
∗M(X)→M(Y ).
Before getting into the proof, let’s observe a few immediate corollaries in the spirit of
[Kol07], 3.42, 3.43, 3.44:
Corollary II.2. Let X be an analytic space with tame quotient singularities. Then there
exists a relatively projective, proper and birational morphism X ′ → X with X ′ smooth.
Proof. We can find an e´tale cover of X, consisting of at most countably many analytic
spaces satisfying the condition that each of them has bounded geometric stabilizers. 
Corollary II.3. Let X be a DM stack with tame quotient singularities. Then there exists
a representable, proper, birational, relatively projective morphism X ′ → X with X ′ smooth.
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Proof. We can represent X as an e´tale groupoid (s, t) : R ⇒ X. Functoriality in the e´tale
topology gives unique isomorphisms φs : M(R) → s
∗M(X) and φt : M(R) → t
∗M(X),
and the induced morphisms (sφs, tφt) : M(R) ⇒ M(X) inherit canonically the structure
of a groupoid, whose projection onto X is clearly representable. 
Corollary II.4. The resolution functor commutes with smooth base change.
Proof. This is [Kol07] 3.9.2. 
The rest of the manuscript will be devoted to the proof of II.1.
II.I. Step 1: Reduction to tame cyclic quotient singularities. We can assume that
X = Xj for some index j. The invariant on which the inductive argument builds upon
is i(X) = maxx∈X |Gx|. By I.I.3 the subvariety Z consisting of points with geometric
stabilizer of maximal cardinality is smooth, so let pZ : Y = BlZX → X be its blow-up
with exceptional divisor E. If i(Y ) < i(X) we are done, otherwise necessarily i(Y ) = i(X)
and E is Q-Cartier but not Cartier, whence there is a non trivial Cartification cover
qE : Y (E)→ Y .
Claim II.I.1. i(Y (E)) < i(Y ).
Proof. Consider the natural projection qV : Y
V → Y (E) and let y ∈ Y V be a geometric
point with |Gy| = i(Y ). The projection induces a morphism of strictly henselian local rings
at y, OY (E),qV (y) → OY V ,y. The action of Gy on OY V ,y leaves Ey invariant, so by I.I.4 it
is given by a non-trivial character χE,y : Gy → k
∗. We see immediately that OY,qEqV (y)
is the subring of OY (E),qV (y) of elements fixed by the cyclic action of Im(χE,y). Thus
GqV (y) = ker(χE,y) and the claim follows. 
Now we can apply our inductive hypothesis, in the formulation II.3, and obtain a rep-
resentable, proper, birational, relatively projective morphism rY : Y1 → Y (E) with Y1
smooth DM stack, along with a GC quotient morphism m : Y1 → X1, [KM97] 1.1. Since
Y is quasi-projective and rY is relatively projective, X1 is quasi-projective. The total pull-
back of r∗Y q
∗
EE naturally descends to a Q-Cartier divisor E1 on X1, i.e. m
∗E1 = r
∗
Y q
∗
EE.
The pair (X1, E1) enjoys particularly good properties, that we can summarize as follows:
Claim II.I.2. Y1 = X1(E1).
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Proof. In our setting the GC quotient morphism m : Y1 → X1 is locally a cyclic cover,
say given by the tame cyclic action of Cy in a neighborhood of a geometric point y ∈ Y1.
The assertion we need to prove is that Cy acts faithfully across r
∗
Y q
∗
EE. Observe that Cy
is faithful on q∗EE ⊂ Y (E) in a neighborhood of rY (y), and since Y1 → Y (E) is birational,
whence injective on local rings, we conclude by I.I.5 that Cy is faithful on r
∗
Y q
∗
EE as well. 
It is pretty straightforward to control the behaviour of our construction under e´tale base
change:
Proposition II.I.3. Let f : X ′ → X be an e´tale morphism, then the square
X ′1 −−−−→ X1y
y
X ′ −−−−→ X
is fibered.
Proof. Consider the diagram
X ′ ←−−−− Y ′ = Blf∗ZX
′ ←−−−− Y (f∗E)′
Resolution
←−−−−−− Y ′1
GC quotient
−−−−−−−→ X ′1
e´tale
y
y
y
y
y
X ←−−−− Y = BlZ(X) ←−−−− Y (E)
Resolution
←−−−−−− Y1
GC quotient
−−−−−−−→ X1
The two leftmost squares are fibered, by I.II.6. The third square from the left is also fibered,
by our inductive hypothesis, thus Y ′1 = Y1 ×X X
′, and we conclude since the GC quotient
functor commutes with flat base change - as it follows by definition, [KM97] 1.8. 
We conclude the first step of the proof by summarizing what we got so far.
Summary II.I.4. : Given a quasi-projective variety X satisfying the assumptions of II.1,
there exists a functor X → (X1, E1 = E1(X), pX) where X1 is a quasi projective variety
with tame cyclic quotient singularities with i(X1) ≤ i(X), E1 is a Q-Cartier divisor such
that XV1 → X1(E1) is an isomorphism. pX : X1 → X is a proper, relatively projective,
birational morphism. The functor commutes with e´tale base change, that is to say for
every e´tale morphism f : Y → X there is a unique isomorphism ψf : f
∗X1 → Y1 such that
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ψ∗fp
∗
YE1(Y ) = p
∗
XE1(X). Here is a diagram summarizing our construction:
q∗V q
∗
EE ⊂ YV
Vistoli
y
q∗EE ⊂ Y (E)
resolution
←−−−−−− m∗E1 ⊂ Y1
Cartification
y GC quotient=Cartification
y
E ⊂ BlZX = Y ←−−−− E1 ⊂ X1y
Z ⊂ X
II.II. Step 2: Reduction of the invariant for tame cyclic quotient singularities.
The second step of the proof works out an algorithmic procedure to reduce the invariant
i(X), if we are given a pair (X,E) where X is a quasi-projective variety with tame cyclic
quotient singularities, E is a reduced divisor whose connected components are irreducible,
and the canonical projection XV → X(E) is an isomorphism - meaning that the local cyclic
groups defining the Vistoli cover XV → X act with a faithful character on the pullback of
E in XV . The key observation we need to construct a resolution is I.III.5, that for such
a pair (X,E) there exists a choice of characters for the cyclic action whose corresponding
local weighted algebras form a globally well defined sheaf of algebras. Blowing it up, I.IV.2,
we obtain a quasi-projective variety with cyclic quotient singularities whose stabilizers are
smaller, but these need not be tame anymore. However the cyclic quotients need not be
tame for weighted blow-ups to make sense, whence further applications of I.IV.2, in the
form II.II.1, can be used to remove the non-tame stabilizers that might appear after the first
blow-up. More precisely let Z be the smooth subvariety of points with maximal geometric
stabilizers. By assumption, the stabilizers are faithful across E, whence by I.III.5 there is
a sheaf of algebras BZ induced by the faithful actions of the generic stabilizers at Z along
E. Let pw : X
w := ProjBZ X → X and consider the pair (X
w, Ew := p∗wE). We have two
cases:
(i) Xw has tame cyclic quotient singularities. In this case i(Xw) < i(X) and the main
theorem follows.
(ii) Xw has non-tame, diagonal cyclic quotient singularities. In this case we can elimi-
nate the non-tame cyclic stabilizers by way of the following.
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Lemma II.II.1. Let (X,D) be a pair where X is a quasi-projective variety with diagonal
cyclic quotient singularities and D =
∑t
i=1Di is a reduced divisor. Assume that, if x ∈ X
is such that Cx is not tame, then x ∈ D and Cx is faithful across at least one irreducible
component of D. Then there exists a resolution functor (X,D) → (M(X,D), uX ) where
M(X,D) is a quasi projective variety with tame cyclic quotient singularities such that
i(M(X,D)) ≤ maxx∈X |Cx|, uX : M(X,D) → X is a proper, birational, relatively projec-
tive morphism which is an isomorphism over the smooth locus of X. The functor commutes
with e´tale base change, that is to say for every e´tale morphism f : (Y,DY )→ (X,D) there
is a unique isomorphism φf : f
∗M(X,D)→M(Y,DY ).
Proof. Let j(X) = max{|Cx|, x ∈ X s.t. Cx is not tame}. Clearly the subvariety Z of
points with maximal non-tame geometric stabilizer is a smooth subvariety of D. We will
proceed by induction on j(X). Let Y be a connected component of Z, and denote by h(Y )
the maximal index such that Y ⊂ Dh(Y ) and the stabilizer CY is faithful across Dh(Y ). By
I.III.5 for every such Y there is a sheaf of algebras BY supported on Y and induced by the
faithful action of the geometric stabilizers across Dh(Y ). Let BZ =
∑
Y BY , and denote by
p1 : X1 = ProjBZ X → X with exceptional divisor Dt+1 and set D1 = p
∗
1D =
∑
D1i +Dt+1
where of course D1i is the strict transform of Di under p1. By I.IV.2 j(X1) < j(X), and
we claim that the pair (X1,D1) still satisfies the assumptions of II.II.1. Indeed let Y1 be a
connected component of Z1, if Y1 is not contained inDt+1 then Y1 is the proper transform of
some component with non-tame stabilizer Y ⊂ X, and faithfulness across D1h(Y ) is granted
by I.I.5. Next if Y1 ⊂ Dt+1, then the local description of a weighted blow-up, as given at
the beginning of I.III, forces the geometric stabilizers along Y1 to be faithful across Dt+1.
By induction on j(X) we conclude the existence of (M(X,D), uX ). Functoriality in the
e´tale topology is a trivial consequence of our iterative construction. 
We are ready to conclude the proof of the main theorem: starting with a quasi-projective
variety with tame quotient singularities X, II.I gives a pair (X1, E1) as in II.I.4. Running
II.II with input (X1, E1) we get a quasi-projective variety with tame cyclic quotient sin-
gularities M(Xw1 , E
w
1 ) - where of course M(X
w
1 , E
w
1 ) = X
w
1 in case i) above - such that
i(M(Xw1 , E
w
1 )) < i(X), along with a proper, relatively projective, birational morphism
M(Xw1 , E
w
1 )→ X. 
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